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1. Introduction
The multiplicity results for a two-point boundary value problem obtained in [1] have inspired a large number of authors
in the study of several kinds of nonlinear differential problems. The same variational methods as were used there, which
are based on the seminal paper of Ricceri [2], have been applied to obtain multiple solutions (see, for instance, [3–9]). In
particular, in [10], adding a perturbation in the nonlinear term of the problem studied in [1], multiple solutions have also
been obtained. More precisely, the following perturbed two-point boundary value problem:{−u′′ = λf (u)+ µg(x, u) in [0, 1]
u(0) = u(1) = 0, (Pλ,µ)
where λ and µ are positive real parameters, and f and g are continuous functions, has been investigated. We explicitly
observe that in [10] no estimate of λ and µ for which the problem admits multiple solutions is ensured. The aim of this
work is to establish precise values of λ and µ for which the problem (Pλ,µ) admits at least three classical solutions. To be
precise, under the same assumptions on f and g as in Theorem2.2 of [10], ourmain result, Theorem3.1, provides, in addition,
numerical values of parameters (see Remark 3.1). Moreover, a variant of Theorem 3.1, (see Theorem 3.2), also establishes a
numerical upper bound of the solutions uniformwith respect to parameters λ andµ, without requiring asymptotic behavior
of g . Theorem 3.2 establishes the existence of three solutions, contrary to Theorem 2.1 of [10] which, for a very similar set
of assumptions, ensures only two solutions (see Remark 3.2). Further, it is worth noticing that in the literature the study
of perturbed nonlinear differential problems is very widespread (see, for instance, [11–13] and references therein). Very
recently, Ricceri, in [14], has established an interesting novel three-critical-point theorem which is specific to investigating
this type of perturbed problem and, as an application, he has obtained multiple solutions for a perturbed Dirichlet problem.
We explicitly observe that ourmain results and Theorem 3 of [14] aremutually independent and, in particular, in Theorem 3
of [14], in contrast to our results, no estimates of the parameters µ and of the upper bound of the solutions are given, and
the assumption f (0) = 0 is required (see Remark 3.3 and Example 3.1).
Our main tools are two kinds of three-critical-point theorems obtained in [15,16] which we recall in Section 2. Section 3
is devoted to our main results.
∗ Corresponding author.
E-mail addresses: bonanno@unime.it (G. Bonanno), chinni@dipmat.unime.it (A. Chinnì).
0893-9659/$ – see front matter© 2010 Elsevier Ltd. All rights reserved.
doi:10.1016/j.aml.2010.03.015
808 G. Bonanno, A. Chinnì / Applied Mathematics Letters 23 (2010) 807–811
2. Preliminaries
Our main tools are three-critical-point theorems that we recall here in a convenient form. The first was obtained in [16]
and it is a more precise version of Theorem 3.2 of [15]. The second was established in [15].
Theorem 2.1 ([16, Theorem 2.6]). Let X be a reflexive real Banach space, Φ : X → R be a coercive, continuously Gâteaux
differentiable and sequentially weakly lower semicontinuous functional whose Gâteaux derivative admits a continuous inverse
on X∗, and Ψ : X → R be a continuously Gâteaux differentiable functional whose Gâteaux derivative is compact such that
Φ(0) = Ψ (0) = 0.
Assume that there exist r > 0 and x¯ ∈ X, with r < Φ(x¯), such that:
(a1)
supΦ(x)≤r Ψ (x)
r <
Ψ (x¯)
Φ(x¯) ;
(a2) for each λ ∈ Λr :=
]
Φ(x¯)
Ψ (x¯) ,
r
supΦ(x)≤r Ψ (x)
[
the functionalΦ − λΨ is coercive.
Then, for each λ ∈ Λr , the functionalΦ − λΨ has at least three distinct critical points in X.
Theorem 2.2 ([15, Corollary 3.1]). Let X be a reflexive real Banach space, Φ : X → R be a convex, coercive and continuously
Gâteaux differentiable functional whose Gâteaux derivative admits a continuous inverse on X∗, andΨ : X → R be a continuously
Gâteaux differentiable functional whose Gâteaux derivative is compact such that
inf
X
Φ = Φ(0) = Ψ (0) = 0.
Assume that there exist two positive constants r1, r2 and x¯ ∈ X, with 2r1 < Φ(x¯) < r22 , such that
(b1)
supx∈Φ−1(]−∞,r1[) Ψ (x)
r1
< 23
Ψ (x¯)
Φ(x¯) ;
(b2)
supx∈Φ−1(]−∞,r2[) Ψ (x)
r2
< 13
Ψ (x¯)
Φ(x¯) ;
(b3) for each λ ∈ Λ′r1,r2 :=
]
3
2
Φ(x¯)
Ψ (x¯) ,min
{
r1
supx∈Φ−1(]−∞,r1[) Ψ (x)
,
r2
2 supx∈Φ−1(]−∞,r2[) Ψ (x)
}[
and for every x1, x2 ∈ X, which are local
minima for the functionalΦ − λΨ , and such that Ψ (x1) ≥ 0 and Ψ (x2) ≥ 0, one has inft∈[0,1] Ψ (tx1 + (1− t)x2) ≥ 0.
Then, for each λ ∈ Λ′r1,r2 the functionalΦ − λΨ admits three critical points which lie inΦ−1(] −∞, r2[).
3. Main results
Throughout the sequel, f : R → R and g : [0, 1] × R → R are continuous functions, and F(ξ) = ∫ ξ0 f (t)dt for all
ξ ∈ R, G(x, ξ) = ∫ ξ0 g(x, t)dt for all (x, ξ) ∈ [0, 1] × R. Moreover, put Gc := ∫ 10 max|ξ |≤c G(x, ξ)dx for all c > 0 and
Gd := inf[0,1]×[0,d] G for all d > 0. Clearly, Gc ≥ 0 and Gd ≤ 0. Further, fixing c, d > 0 such that 8d2F(d) < 2c
2
F(c) and picking
λ ∈ Λ :=
]
8d2
F(d) ,
2c2
F(c)
[
, put
δλ,g := min
{
2c2 − λF(c)
Gc
,
λF(d)− 8d2
−2Gd
}
(3.1)
and
δλ,g := min
δλ,g ,
2
max
{
0, lim sup
|ξ |→+∞
sup
x∈[0,1]
G(x,ξ)
ξ2
}
 , (3.2)
where we read r0 = +∞ so that, for instance, δλ,g = +∞when lim sup|ξ |→+∞ supx∈[0,1] G(x,ξ)ξ2 ≤ 0 and Gd = Gc = 0.
Now, we present our main result.
Theorem 3.1. Assume that there exist two positive constants c, d, with c < d, such that
(i) f (ξ) ≥ 0 for each ξ ∈ [−c, d];
(ii) F(c)
c2
< F(d)
4d2
;
(iii) lim sup|ξ |→+∞
F(ξ)
ξ2
≤ 0.
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Then, for every λ ∈ Λ :=
]
8d2
F(d) ,
2c2
F(c)
[
and for every continuous function g : [0, 1] × R→ R such that
(iv) lim sup|ξ |→+∞
supx∈[0,1] G(x,ξ)
ξ2
< +∞,
there exists δλ,g > 0 given by (3.2) such that, for each µ ∈ [0, δλ,g [, the problem (Pλ,µ) has at least three classical solutions.
Proof. Fix λ, g and µ as in the conclusion. Take X = W 1,20 ([0, 1]) endowed with the usual norm
‖u‖ =
(∫ 1
0
|u′(t)|2 dt
) 1
2
and, for each u ∈ X ,
Φ(u) = 1
2
‖u‖2
and
Ψ (u) =
∫ 1
0
[
F(u(x))+ µ
λ
G(x, u(x))
]
dx.
Since the critical points of the functional Φ − λΨ on X are exactly the classical solutions of problem (Pλ,µ), our aim is to
apply Theorem 2.1 toΦ and Ψ . To this end, taking into account that the regularity assumptions of Theorem 2.1 onΦ and Ψ
are satisfied, we will verify (a1) and (a2). Let u¯ be the function defined by
u¯(t) =

4dt t ∈
[
0,
1
4
[
d t ∈
[
1
4
,
3
4
]
4d(1− t) t ∈
]
3
4
, 1
] (1)
and put r = 2c2. Clearly, u¯ ∈ X ,Φ(u¯) = 4d2, Ψ (u¯) ≥ 12F(d)+ µλ
∫ 1
0 G(x, u¯(x)) dx ≥ 12F(d)+ µλ inf[0,1]×[0,d] G, and, since
max
x∈[0,1]
|u(x)| ≤ 1
2
‖u‖ (2)
for all u ∈ X , one has maxx∈[0,1] |u(x)| ≤ c for all u ∈ Φ−1(] − ∞, r]). Therefore, supΦ(u)≤r Ψ (u)r ≤
F(c)+ µ
λ
∫ 1
0 max|ξ |≤c G(x,ξ)dx
2c2
,
that is,
sup
Φ(u)≤r
Ψ (u)
r
≤ F(c)
2c2
+ µ
λ
Gc
2c2
, (3)
and Ψ (u¯)
Φ(u¯) ≥
1
2 F(d)+ µλ
∫ 1
0 G(x,u¯(x))dx
4d2
≥ F(d)
8d2
+ µ
λ
Gd
4d2
, that is,
Ψ (u¯)
Φ(u¯)
≥ F(d)
8d2
+ µ
λ
Gd
4d2
. (4)
Since µ < δg , one has
µ <
2c2 − λF(c)
Gc
,
F(c)
2c2
+ µ
λ
Gc
2c2
<
1
λ
and µ <
λF(d)− 8d2
−2Gd ,
F(d)
8d2
+ µ
λ
Gd
4d2
>
1
λ
,
that is,
F(c)
2c2
+ µ
λ
Gc
2c2
<
1
λ
<
F(d)
8d2
+ µ
λ
Gd
4d2
. (5)
Hence, from (3), (4) and (5), condition (a1) of Theorem 2.1 is verified.
Finally, since µ < δg we can fix l > 0 such that lim sup|ξ |→+∞
supx∈[0,1] G(x,ξ)
ξ2
< l and µl < 2. Therefore, there exists a
positive constant k such that
G(x, ξ) ≤ lξ 2 + k
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for each (x, ξ) ∈ [0, 1] × R. Now, fix 0 < ε < 2−µl
λ
. From (iii) there is a positive constant kε such that
F(ξ) ≤ εξ 2 + kε
for each ξ ∈ R. It follows that, for each u ∈ X ,
Φ(u)− λΨ (u) ≥
(
1
2
− λ
4
ε − µ l
4
)
‖u‖2 − λkε − µk.
This leads to coercivity ofΦ − λΨ and condition (a2) of Theorem 2.1 is verified. Since, from (3), (4) and (5),
λ ∈
Φ(u¯)
Ψ (u¯)
,
r
sup
Φ(u)≤r
Ψ (u)
 .
Theorem 2.1 ensures the existence of three critical points for the functionalΦ − λΨ and the proof is complete. 
Remark 3.1. Under the same assumptions as for Theorem 2.2 of [10], Theorem 3.1 ensures a more precise conclusion. In
fact, Theorem 2.2 of [10] establishes that there exists a non-empty open set A ⊆ [0,+∞[ such that, for every λ ∈ A and every
continuous function g : [0, 1] × R→ R satisfying (iv) there exists δ > 0 such that, for each µ ∈]0, δ[, the problem (Pλ,µ) has
at least three solutions. Hence, neither a location of the set A in [0,+∞[ nor an estimate of δ is established.
Now, a variant of Theorem 3.1 where no asymptotic condition on g as (iv) is required, is pointed out.
Fixing c1, d, c2 > 0 such that 12d
2
F(d) < min
{
2c21
F(c1)
,
c22
F(c2)
}
and picking λ ∈ Λ :=
]
12d2
F(d) ,min
{
2c21
F(c1)
,
c22
F(c2)
}[
, put
δ∗λ,g := min
{
2c21 − λF(c1)
Gc1
,
c22 − λF(c2)
Gc2
}
. (3.3)
Theorem 3.2. Assume that there exist three positive constants c1, c2, d, with c1 < d < c22 such that
(j) f (ξ) ≥ 0 for each ξ ∈ [0, c2];
(jj) F(c1)
c21
< F(d)
6d2
;
(jjj) F(c2)
c22
< F(d)
12d2
.
Then, for every λ ∈ Λ :=
]
12d2
F(d) ,min
{
2c21
F(c1)
,
c22
F(c2)
}[
and for every positive continuous function g : [0, 1] × R→ R, there exists
δ∗λ,g > 0 given by (3.3) such that, for each µ ∈]0, δ∗λ,g [, the problem (Pλ,µ) has at least three classical solutions ui, i = 1, 2, 3,
such that
0 < ui(x) < c2 ∀x ∈ [0, 1], i = 1, 2, 3.
Proof. Fix λ, g and µ as in the conclusion and take X ,Φ and Ψ as in the proof of Theorem 3.1. Taking into account that the
regularity assumptions of Theorem 2.2 onΦ and Ψ are satisfied and that, owing to the Maximum Principle, (b3) holds, our
aim is to verify (b1) and (b2). To this end, put u¯ as in (1), r1 = 2c21 , r2 = 2c22 . Therefore, one has 2r1 < Φ(u¯) < r22 and, since
µ < δ∗λ,g ,
sup
Φ(u)<r1
Ψ (u)
r1
≤ F(c1)
2c21
+ µ
λ
Gc1
2c21
<
1
λ
<
F(d)
12d2
+ µ
λ
Gd
6d2
≤ 2
3
Ψ (u¯)
Φ(u¯)
,
2
sup
Φ(u)<r2
Ψ (u)
r2
≤ F(c2)
c22
+ µ
λ
Gc2
c22
<
1
λ
<
F(d)
12d2
+ µ
λ
Gd
6d2
≤ 2
3
Ψ (u¯)
Φ(u¯)
.
Therefore, (b1) and (b2) are verified and Theorem 2.2 ensures at least three classical solutions whose norm in X is less than
2c2. Hence, the Strong Maximum Principle and (2) ensure the conclusion. 
Remark 3.2. Under assumptions similar to those of Theorem 3.2, Theorem 2.1 of [10] ensures only two classical solutions
and, moreover, it does not give an estimate of λ, µ and an explicit upper bound, uniformly with respect to parameters, of
the solutions.
Remark 3.3. Theorem 3 of [14] studies, as a special case, the problem (Pλ,µ) assuming, in particular, lim supξ→0
F(ξ)
ξ2
≤ 0
(which implies f (0) = 0), and ensures three solutions without giving an estimate of µ and an explicit upper bound,
uniformly with respect to parameters, of the solutions.
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Example 3.1. Let f1 : R→ R be defined as follows:
f1(t) =
t
2 t ≤ 1
1
t2
t > 1.
(6)
Then, for every µ ∈]0, 10−4[ the problem{−u′′ = 102f1(u)+ µ(1+ 2x+ |u|3) in [0, 1]
u(0) = u(1) = 0, (Pµ)
admits at least three classical solutions ui, i = 1, 2, 3, such that 0 < ui(x) < 102 for all x ∈ [0, 1], i = 1, 2, 3.
It is enough to apply Theorem 3.2 by choosing, for instance, c1 = 10−2, d = 1, c2 = 102.
We observe that, setting
f2(t) =
{
10−4 t ≤ 10−2
f1(t) t > 10−2,
(7)
we obtain the same conclusion as in the preceding case for the problem (Pµ) with f2 instead of f1. Clearly,
f2(0) 6= 0.
Taking also into account Remarks 3.1–3.3, it is easy to verify that Theorem 3 of [14] and Theorems 2.1 and 2.2 of [10] cannot
be applied to the preceding problems.
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